Abstract: We examine the relationships between the differential invariants of objects and of their images under a surjective map. We analyze both the case when the underlying transformation group is projectable and hence induces an action on the image, and the case when only a proper subgroup of the entire group acts projectably. In the former case, we establish a constructible isomorphism between the algebra of differential invariants of the images and the algebra of fiber-wise constant (gauge) differential invariants of the objects. In the latter case, we describe residual effects of the full transformation group on the image invariants. Our motivation comes from the problem of reconstruction of an object from multiple-view images, with central and parallel projections of curves from three-dimensional space to the two-dimensional plane serving as our main examples.
1 Introduction.
The subject of this paper is the behavior of invariants and, particularly, differential invariants under surjective maps. While our theoretical results are valid for manifolds of arbitrary dimension, the motivating examples are central and parallel projections from three-dimensional space onto the two-dimensional plane, as prescribed by simple cameras. We concentrate on the effect of such projections on space curves, leaving the analysis of surfaces to subsequent investigations. We will, in particular, derive relatively simple formulas relating the centroaffine invariants of a space curve, as classified in [42] , to the projective curvature invariant of its projections.
The relationship between three-dimensional objects and their two-dimensional images under projection is a problem of major importance in image processing, and covers a broad spectrum of fundamental issues in computer vision, including stereo vision, structure from motion, shape from shading, projective invariants, etc.; see, for example, [2, 4, 14, 16, 20, 32, 48] . Our focus on differential invariants is motivated by the method of differential invariant signatures, [11] , used to classify objects up to group transformations, including rigid motions, and equi-affine, affine, centro-affine, and projective maps. Our analysis is founded on the method of equivariant moving frames, as first proposed in [17] , and we will assume that the reader is familiar with the basic techniques. See [33, 43] for recent surveys of the method and many of its applications. In [23, 24] , an algebraic interpretation of the equivariant moving frame was developed, leading to an algorithm for constructing a generating set of rational invariants along with a set of algebraic invariants, that exhibit the replacement property.
A key problem in mathematics, arising, for example, in geometry, invariant theory, and symmetry analysis, and of fundamental importance for object recognition in image processing, is the equivalence problem, that is, determining when two objects in a space can be mapped to each other by a transformation belonging to a prescribed group or pseudo-group action.Élie Cartan's solution to the equivalence problem for submanifolds under transformation groups, [13] , is based on the functional interrelationships among the associated differential invariants. Cartan's result was reformulated through the introduction of the classifying submanifold, [39] , subsequently -motivated by the extensive range of applications in image processing -renamed the differential invariant signature, [11] . The signature of a submanifold is parametrized by a finite number of fundamental differential invariants 1 and one proves that two sufficiently regular submanifolds are locally equivalent under a group transformation if and only if their signatures are identical. The symmetries of a submanifold can also be classified by the dimension and, in the case of discrete symmetries, the index of its associated signature.
Differential invariant signatures of families of curves were used in [9, 10] to establish a novel algorithm for solving the object-image correspondence problem for curves under projections. Extensions of the method to signatures parametrized by joint invariants and joint differential invariants, also known as semi-differential invariants, [36] , can be found in [41] . A wide range of image processing applications includes jigsaw puzzle assembly, [22] , recognition of DNA supercoils, [49] , distinguishing malignant from benign breast cancer tumors, [19] , recovering structure of three-dimensional objects from motion, [3] , classification of pro-jective curves in visual recognition, [20] , and construction of integral invariant signatures for object recognition in 2D and 3D images, [18] . Further applications of the moving framebased signatures include classical invariant theory, [5, 27, 28, 40] , symmetry and equivalence of polygons and point configurations, [8, 25] , geometry of curves and surfaces in homogeneous spaces, with applications to Poisson structures and integrable systems, [34, 35] , the design and analysis of geometric integrators and symmetry-preserving numerical schemes, [26, 37, 47] , the determination of Casimir invariants of Lie algebras and the classification of subalgebras, with applications in quantum mechanics, [7] , and many more.
In our analysis of the behavior of invariants under surjective maps, we will concentrate on finite-dimensional Lie group actions, although our analysis can, in principle, be extended to infinite-dimensional Lie pseudo-groups, using the techniques developed in [45, 46] . We will distinguish between projectable group actions, in which the group transformations respect the surjective map's fibers, and the more general non-projectable actions. In the former case, there is a naturally defined action of a certain quotient group on the image manifold, and we are able to directly relate the differential invariants and, hence, the differential invariant signatures of submanifolds and their projected images.
However, in the image processing applications we are primarily interested in the case when only a (fairly large) subgroup of the full transformation group acts projectably, and thus we need to extend our analysis to non-projectable group actions. In this situation, one distinguishes a projectably acting subgroup, along with its corresponding projected action and invariants on the image manifold. Then the full transformation group will have a residual effect on the image invariants and signatures, which are no longer fully invariant, and hence the comparison of the projected images must take this into account. For example, in the case of central projection based at the origin, from three-dimensional space to the two-dimensional plane, the "centro-affine" action of the general linear group GL(3) is projectable, and this leads to our formulas relating centro-affine differential invariants to projective differential invariants on the image curve. On the other hand, translations are not projectable, and thus have a residual effect on the projective invariants that will be explicitly characterized.
Projectable actions:
invariants of objects and images.
In this section, we consider projectable actions of a Lie group G on a manifold M meaning that they respect the fibers of a surjective map Π : M → N. A projectable action on M induces a natural action on N. We establish an isomorphism between the algebra of differential invariants for submanifolds on N and the algebra of fiber preserving (gauge) differential invariants on M. This isomorphism allows us to express invariants of the image of a submanifold S ⊂ M in terms of the invariants of S. Since the equivariant moving frame method [17, 45] provides a powerful and algorithmic tool for constructing invariant objects, we are able to explicitly determine how invariant functions and invariant differential operators on N, obtained via this method, are related to their counterparts on M.
In this paper, all objects -manifolds, submanifolds, Lie groups, maps, differential forms, etc. -are assumed to be smooth, meaning of class C ∞ .
Transformation groups
Let G be a Lie group (or, more generally, a Lie pseudo-group, [46] ) acting on a smooth manifold M. In this paper, many of the actions that we consider are local actions, although we will usually omit the word local when we describe them.
Definition 1.
The isotropy subgroup of a subset S ⊂ M consists of the group elements which fix it:
The global isotropy subgroup of S consists of the group elements which fix all points in S:
In particular, the global isotropy subgroup G * M of M is a normal subgroup of G. The action of G is effective if and only if G * M = {e} is trivial. More generally, the action of G induces an equivalent effective action of the quotient group G/G * M on M, [39] . The following group actions will play a prominent role in our examples. Each matrix A ∈ GL(n) produces an invertible linear transformation z → A z for z ∈ R n . More generally, we consider the action of the affine group A(n) = GL(n) ⋉ R n given by z → A z + b for A ∈ GL(n), b ∈ R n . This action forms the foundation of affine geometry, and, for this reason, the previous linear action of GL(n) is sometimes referred to as the centroaffine group, underlying centro-affine geometry, [15, 42] . We also consider the action of the projective group PGL(n) = GL(n)/ { λ I | 0 = λ ∈ R } on the projective space RP n−1 along with its local, linear fractional action on the dense open subset R n−1 ⊂ RP n−1 obtained by omitting the points at infinity.
Warning: In many references, "affine geometry" really refers to "equi-affine geometry" whose underlying transformation group is the special affine or equi-affine group SA(n) = SL(n) ⋉ R n consisting of oriented volume-preserving transformations: z → A z + b with det A = 1. We also use the term centro-equi-affine geometry to indicate the linear volumepreserving action, z → A z with det A = 1, of the special linear group SL(n) on R n .
Projectable actions
Our principal object of study is the behavior of group actions under a surjective map Π : M → N of constant rank from a manifold M onto a manifold N of lower dimension: n = dim N < m = dim M. Given v ∈ N, let F v = Π −1 {v} ⊂ M denote its preimage, called the fiber of Π over v. In many examples, M is, in fact, a fiber bundle over N, but we do not require this in general. The kernel of the map's surjective differential dΠ : T M → T N is the tangent space to the fiber: T F v | z = ker dΠ| z ⊂ T M| z , where v = Π(z).
To begin with, we will consider group actions that are compatible with the surjective map in the following sense.
In other words, the action of G is projectable if and only if it maps fibers to fibers. In this case, it is clear that the induced map
As above, we define the global isotropy subgroup
where
is the stabilizer or isotropy subgroup of the point v ∈ N. The action of G on N induces an equivalent, effective action of the quotient group
to denote the element of the quotient group corresponding to g ∈ G.
By a G-invariant function, we mean a real-valued function J : M → R that is unaffected by the group action, so J(g ·z) = J(z) for all g ∈ G and all z ∈ dom J such that g ·z ∈ dom J. (Our notational conventions allow J to only be defined on an open subset dom J ⊂ M. Also, if the action of G is local, one only requires the invariance condition to hold when g · z is defined and in the domain of J.) Clearly a function is G-invariant if and only if it is constant on the orbits of G. In particular, when M is connected and G acts transitively, then there are no non-constant invariants. On occasion, one relaxes the preceding definition, by only imposing invariance for group elements sufficiently close to the identity, leading to the concept of a local invariant. The correspondence between [G]-invariant functions on N and G-invariant functions on M follows straightforwardly from (2.1).
Theorem 3. Let Π : M → N be a surjective map, and suppose that G acts projectably on
Submanifolds
Let us now investigate how a projectable group action affects submanifolds and their jets. We will assume that the submanifolds are immersed, although in many situations one restricts attention to embedded submanifolds. Throughout, we fix the dimension p of the submanifolds under consideration, and assume that 1 ≤ p < n = dim N < m = dim M.
Because we are allowing immersed submanifolds, the following transversality condition is both necessary and sufficient for Π-regularity.
Proposition 5.
A submanifold S ⊂ M is Π-regular if and only if it intersects the fibers of Π transversally:
Because condition (2.3) is local, it is a necessary but not sufficient condition for the image Π(S) of an embedded p-dimensional submanifold S ⊂ M to be an embedded p-dimensional submanifold of N. For example, many embedded curves in R 3 , e.g., nontrivial knots, can only be projected to plane curves with self-intersections.
Suppose we adopt local coordinates z = (z 1 , . . . , z m ) on M and v = (v 1 , . . . , v n ) on N. In terms of these, the surjective map v = Π(z) has components
If the submanifold S ⊂ M is (locally) parametrized by z = z(t) = z(t 1 , . . . , t p ), then its tangent bundle T S is spanned by the basis tangent vectors
the transversality condition (2.3) holds if and only if the associated p × n coefficient matrix has maximal rank:
Often, it will be useful to split the coordinates on M, setting z = (x 1 , . . . , x p , u 1 , . . . , u m−p ), in which the x's will play the role of independent variables and the u's dependent variables. A p-dimensional submanifold S that is transverse to the vertical fibers {x = c}, for c constant, can be locally identified as the graph of a function: S = {(x, u(x))}. Hence, its tangent space T S is spanned by the tangent vectors
In this case, the coefficient matrix (2.4) reduces to the p × n total derivative matrix
which, to ensure Π-regularity, is again required to have maximal rank:
Jets and differential invariants
Given 0 ≤ k ≤ ∞, let J k (M, p) be the k-th order extended jet bundle consisting of equivalence classes of p-dimensional submanifolds of M under the equivalence relation of k-th order contact, [38] . In particular
Given a surjective map Π :
be the open dense subset consisting of k-jets of Π-regular submanifolds, i.e. those that satisfy the transversality condition (2.3), or, equivalently, in local coordinates, condition (2.7). Note that transversality defines an open condition on the first order jets, so that J
denote the induced surjective map on p-dimensional submanifold jets, that maps the k-jet of a transversal submanifold S at a point z ∈ S to the k-jet of its image Π(S) at v = Π(z). In other words, if
. The fact that Π preserves the condition of k-th order contact between submanifolds (which is a simple consequence of the chain rule), means that
. Given the action of G on M, there is an induced action on p-dimensional submanifolds, and hence on the jet space J k (M, p), called the k-th order prolonged action and denoted by
is the jet of a submanifold at z ∈ S ⊂ M, and
Because diffeomorphisms preserve k-th order contact, the action is independent of the choice of representative submanifold S, [39] .
The action of the quotient group [G] on N similarly induces a prolonged action, denoted by [G] (k) , on its k-th order submanifold jet bundle J k (N, p). It is not hard to see that the jet bundle projection Π (k) respects the prolonged group actions of
. Indeed, to verify (2.8), just set z (k) = j k S| z for some submanifold S ⊂ M and use the preceding identifications.
A real-valued function F : J k (M, p) → R is called a differential function of order k. (As before, our conventions allow functions, differential forms, etc., to only be defined on open subsets, so dom
In view of (2.8), Theorem 3 immediately establishes a correspondence between differential invariants on N and those on M under a Π-projectable group action.
Theorem 6. Let Π : M → N be a surjective map and let G act projectably on M.
Of course, not every differential invariant on M arises in this manner. Indeed,
for some differential invariant I on N if and only if I is constant along the fibers of the jet projection Π (k) . Such differential invariants will be called gauge invariants, and we investigate their properties in Section 2.6.
Invariant differential forms and differential operators
Turning to differential forms, we assume the reader is familiar with the basic variational bicomplex structure on jet space, [1, 17, 29] . As usual, for certain technical reasons, it is preferable to work on the infinite jet bundle even though all calculations are performed on jet bundles of finite order.
As above, we introduce local coordinates
where the x's represent independent variables. The differential one-forms on J ∞ (M, p) then split into horizontal forms, spanned by dx 1 , . . . , dx p , and contact forms, which are annihilated when restricted to a prolongation of any p-dimensional submanifold on M. The induced splitting of the differential d = d H + d V into horizontal and vertical (contact) components endows the space of differential forms on J ∞ (M, p) with the powerful variational bicomplex structure, playing important role in geometric study of differential equations, variational problems, conservation laws, characteristic classes, etc.
Remark : While the contact component is intrinsic, the horizontal forms, and hence the induced splitting, depend upon the choice of independent variable local coordinates. A more intrinsic approach is based on filtrations and the C spectral sequence, [50, 51] ; however, this extra level of abstraction is unnecessary in what follows.
We use π H to denote the projection of a one-form onto its horizontal component, so
The symbol ≡ is used to indicate equivalence modulo the addition of contact forms, so that ω ≡ π H (ω); thus, we mostly only display the horizontal components of the pulled-back forms.
Let Π : M → N be a surjective map. Let y 1 , . . . , y p denote a subset of the local coordinates v 1 , . . . , v n that we consider as independent variables. The corresponding horizontal forms dy 1 , . . . , dy
Thus, the pulled-back one-forms (2.9) will form a basis for the space of horizontal one-forms on J ∞ (M, p) provided the p × p minor consisting of the first p columns of the full p × n total derivative matrix DΠ given in (2.6) is non-singular:
Observe further that our Π-regularity condition (2.6) implies that some p × p minor of DΠ is non-singular, and hence, locally, one can always choose a suitable set of local coordinates on N such that the non-singularity condition (2.10) holds. It is well known that the algebra of differential invariants of a Lie transformation group, [17, 39] , or (modulo technical hypotheses) a Lie pseudo-group, [31, 46] , is generated from a finite number of low order generating differential invariants through successive application of the operators of invariant differentiation. The construction of the generating differential invariants, the invariant differential operators, and the identities (syzygies and recurrence relations among them) can be completely systematized through the symbolic calculus provided by the equivariant method of moving frames, [17, 29, 33, 45] . In particular, the moving frame invariantization process allows one to construct a contact-invariant horizontal coframe, that is, a linearly independent set of p horizontal contact-invariant one-forms
, where 0 ≤ k < ∞ is the order of the equivariant moving frame map. The term "contact-invariant" means that each one-form is invariant under prolonged group transformations modulo contact forms, i.e., for each [g] ∈ [G], each ω i agrees with the horizontal component of its pull-back:
Each ω i is, in fact, the horizontal component of a fully [G]-invariant one-form, whose additional contact component, which will not be used here, can also be explicitly constructed via the method of moving frames, [17, 29] . For instance, in the case of curves, so p = 1, under the action of the Euclidean group, the contact-invariant one-form is the standard arc length element ω = ds, which can be identified as the horizontal component of a fully invariant one-form.
Given the horizontal coframe (2.11), the corresponding dual invariant differential operators D 1 , . . . , D p are defined so that
In particular, if I is a differential invariant, so are its derivatives D j I for i = 1, . . . , p, and hence, by iteration, all higher order derivatives
are differential invariants as well. For example, in the case of the Euclidean group acting on curves, the dual to the contact-invariant arc length oneform ω = ds is the total derivative with respect to arc length, denoted D = D s . Applying D to the basic curvature differential invariant κ produces a complete system of differential invariants κ, κ s = Dκ, κ ss = D 2 κ, . . . , meaning that any other differential invariant can be written (locally) as a function thereof.
Using the surjective map Π (k) to pull-back the horizontal one-forms (2.11) produces, by a straightforward generalization of Theorem 6, a system
can be readily constructed from the local coordinate formulas for Π, the horizontal one-forms ω i , along with formula (2.9). Under the non-singularity condition (2.10), the resulting one-forms are linearly independent, and hence determine dual invariant total differential operators
for any differential function F : J ∞ (M, p) → R. Summarizing the preceding discussion:
and let D 1 , . . . , D p be the dual invariant differential operators. For i = 1, . . . , p, let ω i be the horizontal component of the pulled-back one-form Π * (ω i ). Then, provided the non-singularity condition (2.10) holds,
The proof of the final formula (2.15) follows from the fact that, since Π (k) * maps contact forms to contact forms,
is the induced differential invariant on M, then their invariant derivatives are directly related:
Thus, the prolongations of the surjective map Π provide an explicit isomorphism between the algebra of differential invariants on N and the subalgebra of fiber-wise constant differential invariants on M.
Gauge invariants
In this section, we investigate the structure of the aforementioned subalgebra of fiber-wise constant differential invariants on M in further detail. Although we are not necessarily dealing with fiber bundles, we will adapt standard terminology to this situation. Define the gauge group of the surjective map Π to be the pseudo-group
consisting of all local diffeomorphisms of M that fix the fibers of Π. (By a local diffeomorphism, we mean a smooth, locally defined, one-to-one map with smooth inverse.) Clearly G Π acts transitively on each fiber. Indeed, since Π is a submersion, around each point
. . , v n ) provide the induced local coordinates on N. We will call such coordinates Π-canonical.
In Π-canonical coordinates, the elements of G Π take the form (v, w) −→ (v, ψ(v, w)), where, for each fixed v, the map ψ v (w) = ψ(v, w) is a local diffeomorphism of R m−n . Given 1 ≤ p < n, any Π-regular p-dimensional submanifold S ⊂ M can be parametrized by a subset, x 1 , . . . , x p , of the v-coordinates; we write the remainder of v-coordinates as u = (u 1 , . . . , u n−p ), so that, by suitably relabeling, v = (x, u). Then x's will play the role of independent variables, while u's and w's play the role of dependent variables on M. At the same time, x's and u's will play the roles of independent and dependent variables, respectively, on N.
The fibers of
are parametrized by the induced jet coordinates w α J , where α = 1, . . . , m − n, and J is a symmetric multi-index of order ≤ k. Clearly, the prolonged action of G (k) Π on the jet space J k (M, p) is also transitive on the fibers of Π (k) . We can thus identify the fiber-wise constant (differential) invariants on M with the (differential) invariants of the semi-direct product pseudo-group G ⋉ G Π . We will call these gauge invariants and gauge differential invariants for short.
Proposition 8. The algebra of gauge differential invariants coincides with the algebra of differential invariants for the action of G ⋉ G Π .
In Π-canonical coordinates, a projectable action of G on M takes the form
We observe that the prolongation of the G Π -action leaves the jet coordinates (x, u β K ) invariant and, moreover, its differential invariants are independent of the w α J coordinates. Thus, in the canonical coordinates, the isomorphism between the fiber-wise constant differential invariants under the prolonged action of G on M and the differential invariants under the prolonged action of [G] on N becomes transparent.
Remark : While the general expressions simplify when written in canonical coordinates, in examples, this may not be practical because the explicit formulas for the group action, differential invariants, etc. may be unavailable or just too complicated to work with. Furthermore, canonical coordinates may have a restricted domain of definition, and hence less suitable for visualization and analysis of geometric objects. 18) onto N = R 2 . Note that we can identify the map Π 0 with central projection, centered at the origin, from M to the plane N ≃ R 2 defined by z = 1. The fibers of Π 0 are the rays in M emanating from the origin.
Observe that 19) form canonical coordinates for Π 0 on M, in which G Π consists of all local diffeomorphisms of the form (X, Y, Z) −→ (X, Y, ϕ(X, Y, Z)) or, equivalently, in the original coordinates,
where ψ(x, y, z) = ϕ(x/z, y/z, z)/z. The local 2 centro-affine action of GL (3) on M is Π 0 -projectable. In Π 0 -canonical coordinates, it takes the form
where A = (a ij ) ∈ GL(3). The global isotropy group
consists of the uniform scalings, i.e. nonzero multiples of the identity matrix, and hence the quotient group is the projective linear group (3) on N coincides with the usual linear fractional action
on the projective plane. We regard X as the independent variable, and Y, Z as dependent variables on M, with Y also serving as the dependent variable on N.
The algebra of fiber-wise constant G-differential invariants on J k (M, 1) coincides with the algebra of G ⋉ G Π -differential invariants. Since G Π leaves X, Y as well as the jet variables Y X , Y XX , . . . invariant, and does not admit any invariants depending on Z, Z X , Z XX , . . ., the algebra of G ⋉ G Π -differential invariants on M is isomorphic to the algebra of differential invariants for the standard projective action of PGL(3) on N. See Example 12 below for explicit formulas.
Cross-sections and invariantization
The construction of an equivariant moving frame relies on the choice of a cross-section to the (prolonged) group orbits, [17, 45] . In this section, we investigate what happens when we choose cross-sections on M and N that are compatible under the surjective map Π.
As before, let G be a Lie group acting on the manifold M. Let O z denote the orbit through the point z ∈ M. 
Let s denote the maximal orbit dimension of the G-action on M. If a point z belongs to an orbit of dimension s, then the Frobenius Theorem, [39] , implies the existence of a local cross-section K, of codimension s, whose domain includes z. While the definition of a crosssection allows s < r = dim G, the construction of a locally equivariant moving frame map ρ : U → G requires that the group act locally freely, which is equivalent to the requirement that s = r.
Let C ∞ (U) denote the algebra of all smooth real-valued functions F : U → R, and C ∞ (U)
G the subalgebra of all locally G-invariant functions. Note that each locally invariant function I ∈ C ∞ (U) G is uniquely determined by its values on the cross-section, namely I | K, since, by invariance, I is constant along each orbit. Thus, the cross-section K serves to define an invariantization map ι :
G , which maps a function F on U to the unique locally invariant function ι(F ) that has the same values on the cross-section:
This immediately implies that the invariantization map preserves all algebraic operations. Moreover, if I is an invariant, then ι(I) = I, which implies that ι • ι = ι. In other words,
G is an algebra morphism that canonically projects functions to invariants.
In local coordinates z = (z 1 , . . . , z m ), invariantization maps the coordinate function z i to the fundamental invariant I i = ι(z i ). The r = dim G functions F 1 , . . . , F r that serve to define the cross-section, K = {F j (z) = c j , j = 1, . . . , r}, have constant invariantizations, ι(F j ) = c j , and are known as the phantom invariants. This leaves m − r functionally independent invariants, which can be selected from among the fundamental invariants I i . In particular if one uses a coordinate cross-section, say K = {z j = c j , j = 1, . . . , r}, then the first r fundamental invariants are the constant phantom invariants:
. . , I r = ι(z r ) = c r , and the remainder form a complete system of functionally independent invariants
, meaning that any other invariant can be expressed in terms of them. Indeed, invariantization of a function is done by simply replacing each variable z i by the corresponding fundamental invariant:
In particular, if J = ι(J) is any invariant, then we can immediately rewrite it in terms of the fundamental invariants by simply replacing each variable by its invariantization:
This simple, but remarkably powerful result is known as the Replacement Theorem, [17] . Assuming local freeness, the invariantization process can also be applied to differential forms, producing the corresponding invariant differential forms, their dual invariant differential operators, and, more generally, vector fields, all of whose explicit formulae can be obtained via the equivariant moving frame map ρ : U → G. Given a surjective map Π : M → N, a Π-projectable action of G on M, and the corresponding action of the quotient group [G] on N, we can thus introduce cross-sections for both actions, along with their associated moving frames and invariantization maps. Assuming that the cross-sections are compatible, meaning that Π maps one to the other, we deduce that the resulting invariantization maps are respected by the projection.
Proposition 11. Let K be a local cross-section for the Π-projectable action of G on U ⊂ M, and K a local cross-section for the projected
be the corresponding invariantization maps on smooth functions. Then
If, furthermore, the actions of G on J k (M, p) and [G] on J k (N, p) are both locally free, then the invariantization operation can be extended to differential forms in an analogous manner, as described in detail in [29] , and formula (2.24) readily generalizes from functions F to differential forms Ω.
The construction of Π-related cross-sections is especially transparent in Π-canonical coordinates. As above, let (x 1 , . . . , x p , u 1 , . . . , u n−p , w 1 , . . . , w m−n ) = (x, u, w) be local coordinate functions on M, such that Π(x, u, w) = (x, u), with x serving as independent variables on both M and N, while (u, w) and u serve as dependent variables on M and N, respectively. Let K be a cross-section for the [G]-action on J k (N, p) and
. The cross-section K can be prescribed by m − dim[G] independent algebraic equations involving only the variables x, u, u α J . There is a well-defined action of the global isotropy subgroup G N on K. Let K ⊂ K be a cross-section for this reduced action. Since G N leaves the jet variables x, u, u α J fixed, the defining equations of K do not introduce any new relations among these variables, and thus Π (k) ( K) = K. By construction, K is a G-cross-section. Assume now that there is a subgroup G ⊂ G that is isomorphic with the quotient group [G] . In this case, G factors as a product G = G N · G, and we can use inductive construction developed in [30] to determine the moving frame and the invariants. (More generally, one can apply the general recursive algorithm in [44] directly to the subgroup G N without requiring the existence of a suitable subgroup G.) These constructions allow one to determine the formulae relating the invariants and invariant differential forms of the full group G to those of the subgroups G N and, when it exists, G. It turns out that the preceding construction of Π-related cross-sections interacts nicely with the inductive and recursive approaches, as described below.
We note that the action of G on M projects to the [G]-action on N and G N = {e}. Let K ⊂ J k (N, p) be a cross-section for prolonged action of [G] ∼ = G and ι denote the corresponding invariantization map. We observe that K = (Π (k) ) −1 (K) is a local crosssection for the G-action on J k (M, p), and denote the corresponding invariantization map by ι . Since the coordinates (x, u, u α J ) are transformed by G in an identical manner, whether they are considered to be functions on
(By equality here, we mean that these functions have the same formulae, although they are defined on different spaces.) Together with ι (w β J ) they comprise a fundamental set of G-invariants on M.
Assuming that the order of prolongation k is at least the order of freeness of the G-action on J k (N, p), we can invariantize the horizontal differential forms, ι (dx i ) = ι(dx i ), where equality is again understood in the symbolic sense. We denote the horizontal parts of those forms by ω 1 , . . . , ω p and the corresponding dual horizontal invariant differential operators by D 1 , . . . , D p . Since all of these objects are expressed in terms of x, u, u α J and dx by the same formulae, whether they are defined on J k (N, p) or J k (M, p), we will use the same symbols to denote them.
The action of G N restricts to the cross-section K. Let K ⊂ K be a cross-section for this restricted action, and let ι be the corresponding invariantization map. Using the inductive method, we can express the normalized invariants of G in terms of the normalized invariants of G as follows:
where, α runs from 1 to n − p, while β, γ run from 1 to m − n, and J, K range over all multiindices with 0 ≤ | K | ≤ | J |. In the final formula, the F β J are algorithmically computable functions. We also note that invariantization ι preserves the G-invariant basis of differential forms and differential operators:
Example 12. Let us return to Example 9, where we introduced canonical coordinates (X, Y, Z) for the central projection, whose expressions in terms of the Cartesian coordinates are given by (2.19) . In this example, G = GL(3), G = SL(3), G N = R * , the latter denoting the one-dimensional Lie group of non-negative real numbers under multiplication, so that
The standard cross-section for the projective action (2.21) of [G] is 26) where Y i denotes the jet coordinate corresponding to D i X (Y ). The lowest order normalized differential invariant is the standard projective planar curvature, ι(Y 7 ) = η, whose explicit formula in jet coordinates can be found in entry 2.3 of Table 5 in [39] . The inductive method [30] enables one to express the projective curvature compactly in terms of the equi-affine curvature as follows: 27) where the equi-affine curvature 3 and arc length are
As usual, equi-affine invariants are not defined at the inflection points Y 2 = 0. Note also that Y 2 ≡ 0 implies that the planar curve is (a part of) a straight line. The derivative of equi-affine curvature with respect to equi-affine arc length (2.28) is given by
where the differential function
plays an important role in what follows. In particular, if Y (X) satisfies A ≡ 0, then the equi-affine curvature of the curve is constant, and hence the curve must be contained in the orbit of a one-parameter subgroup of the equi-affine group, which means that it is (part of) a conic section, [39] . Otherwise, the projective arc length element and dual invariant differential operator are given by
Planar projective invariants are defined at the points where Y 2 = 0 and A = 0, and are generated by the projective curvature invariant η through invariant differentiation with respect to the projective arc length (2.31). We now employ the cross-section K = (Π (k) ) −1 (K) ⊂ M, defined by the same set of equations (2.26) as K, to compute differential invariants for the G = SL(3)-action on M. As above, the gauge invariants are generated by the invariant η = ι (Y 7 ) and the invariant differential operator D ξ = ι (D X ), which, in the canonical coordinates, have the same symbolic expressions as their planar counterparts η and D ξ . Nonetheless, we will be using hats to emphasize that the former are defined on M, and to be consistent with the notation of Section 2.5.
The computation of the invariantizations ι (Z i ), i ≥ 0, of the fiber coordinates Z i = D i X Z requires more effort. We note that the prolongation of (2.20) is given by 11 − a 13 a 31 ) .
The moving frames ρ : J k (N, 1) → [G] and ρ : J k (M, 1) → G corresponding to the respective cross-sections K and K have the same symbolic expressions in the canonical coordinates. Since the explicit formulas are rather involved, we will not reproduce them here, but refer the reader to Example 5.3 in [30] , where the projective moving frame is expressed in a concise way using the inductive approach. The normalized invariants ζ = ι (Z) and ζ i = ι (Z i ), i ≥ 1, are obtained by substituting those expressions into (2.32). In particular,
where µ χ , given by (2.29), is now considered to be a function on J 5 (M, 1). We conclude that a complete system of centro-equi-affine invariants for space curves is generated by the seventh order gauge invariant η, whose symbolic formula is (2.27) and the fifth order differential invariant ζ in (2.33), by successively applying the invariant differential operator D ξ , whose symbolic formula is given by (2.31). Remarkably, η is the projective curvature and ζ is z times an equi-affine invariant of the image curve. In Section 3.2, we will express η and ζ in terms of the third and fourth order centro-equi-affine invariants derived in [42] .
Finally to compute the centro-affine differential invariants, for G = GL(3), we consider the action of G N ≃ R on M given by
This has a simple prolongation:
The G N -action restricts to K, and we define a cross-section K ⊂ K to the restricted action by appending the equation Z = 1 to (2.26). Following the inductive approach, we observe that K is a cross-section for the prolonged action on J 6 (M, 1) and that the normalized G-invariants are expressed in terms of the normalized G = SL(3) invariants as follows,
where we omit the constant phantom invariants. Thus, the centro-affine differential invariants for space curves are generated by the same seventh order gauge differential invariant η and the sixth order differential invariant
through successive application of the invariant differentiation operator
(2.36)
Remark : It may be instructive to revisit the preceding example in the standard jet coordinates: (x, y, z, y 1 , z 1 , . . . ) , where y i = D The cross-section K is fixed by appending the further equation z = 1 to (2.37). We note that
where, in the middle term, dX is considered to be a form on N and, as usual, ≡ means equality up to a contact form. The invariant form d ξ is dual to the invariant differential operator (2.36). Applying the moving frame recurrence formulae and the Replacement Theorem (2.23), we can express the projective curvature η = ι (Y 7 ) in terms of normalized invariants I i = ι (y i ), J i = ι (z i ), as follows:
(2.39)
3 Non projectable actions and some applications.
We now turn our attention to the important case, arising in image processing and computer graphics, of central and parallel projections of three-dimensional space curves to the twodimensional plane. Central projections model pinhole cameras, while parallel projections provide a good approximation for a pinhole camera when the distance between a camera and an object is significantly greater than the object depth, [21] . The formulation of Section 2 does not entirely cover these examples, since the associated group action of the affine group on R 3 is not projectable. To handle such cases, in general, we identify a subgroup H of the entire group G that acts projectably with respect to a surjective map Π 0 . Usually H is chosen to be the maximal such subgroup. We then construct a family of surjective maps Π g : M → N parameterized by elements of G and examine the relationship between differential H-invariants of submanifolds of M and invariants of the family of projections of these submanifolds. In Section 3.1, we describe this relationship in the general setting of abstract manifolds and group actions. In Sections 3.2 and 3.3, we specialize to the concrete case of the central projections of planar curves, while Sections 3.4 and 3.5 treat the case of parallel projections.
Non-projectable actions and induced families of maps
We start, as above, with a fixed surjective map Π 0 : M → N, but now suppose that the group G acts non-projectably on M. Assume further that there exists a (nontrivial) subgroup H ⊂ G whose action is Π 0 -projectable. In this situation, we define a family of surjective maps and corresponding projectable subgroup actions.
Recall, first, the adjoint or conjugation action of a group on itself, denoted by
Theorem 13. Let Π 0 : M → N be a surjective map. Suppose that G acts on M and, moreover, H ⊂ G is a proper subgroup whose action on M is Π 0 -projectable. For each g ∈ G, define the g-transformed surjective map
Proof. Assume that z, z ∈ M belong to the same fiber of Π g , namely:
Since the action of H is Π 0 projectable, (3.2) implies
Inserting the identity element in the form g −1 g in the above equality, we obtain
which implies that the action of H g is Π g -projectable.
Remark : If H N is the global isotropy group of the Π 0 -projection of the action of H on N, then H N,g = Ad g (H N ) is the global isotropy group of the Π g -projection of the action of H g on N. (Keep in mind that, while H N is a normal subgroup of H, it need not be a normal subgroup of G.) Setting [H g ] = H g /H N,g , we can therefore express the [H g ]-differential invariants of the images of submanifolds under Π g in terms of the H g -differential invariants on M.
We finally state a simple, but useful relation between the pull-backs of functions under Π 0 and Π g : In accordance with our general construction, we define the family of surjective maps
Since H is a normal subgroup of G, its conjugate subgroups coincide, H g = H, and thus all the surjective maps Π g are H-projectable. Moreover H N,g = gH N g −1 = H N , but its fiber-preserving action (x, y, z) → (x + a d, y, z + d) depends on g, or, rather, on the first parameter a of g, since it parametrizes the cosets gH. The Π g projection of the [H]-action to N is given by
Observe that this family of [H]-actions are all translations, but parametrized by the value of a.
We assume, for simplicity, our space curves are given as graphs C = { (x, y(x), z(x)) }. Under the action of the translation subgroup H, the invariant differential operator is D = D x , and the two first order differential invariants y x , z x comprise a generating set for the entire differential invariant algebra. On the other hand, for a plane curve parametrized by (X, Y (X)), the single differential invariant Y X forms a generating set. The map Π g projects the space curve (x, y(x), z(x)) to the plane curve
Moreover, (Π
g ) * Y X = y x 1 − a z x provides the relationship between the generating differential invariants of the space curve and its planar image evaluated at corresponding points. It can be obtained either by computing the first prolongation of (3.4), or by using our general formula (3.3), which in this case amounts to Π
The appearance of the parameter a is due to the nonprojectability of the full action. We also note that the invariant one-form ω = dX on N is pulled back via Π g to the H g -contact-invariant horizontal differential form Π * g ω ≡ ω = (1 − a z x ) dx, again depending upon the parameter a that determines the conjugacy class of g. Theorem 7 then enables us to determine relations between the higher order differential invariants by applying the dual total invariant differential operator
in accordance with formula (2.16).
When the subgroup H ⊂ G is not normal, the following proposition relating moving frames and invariants under the adjoint action of G on H will be useful.
Proposition 15. Let G act on M, and let H ⊂ G be a subgroup. Given a fixed element g ∈ G, let H g = Ad g (H) = g H g −1 denote the conjugate subgroup.
If
2. If ρ : M → H is the moving frame for the H-action corresponding to the cross-section
is the moving frame for the H g -action corresponding to the transformed cross-section
is the H-invariantization, corresponding to the cross-section K, of the function F : M → R then
is the invariantization of F for the H g -action, corresponding to the cross-section K g .
Warning: Since equation (3.5) can be summarized by
it is important to underscore that ι(
Central projections from the origin
In this and the following section, we specialize the preceding results to the case of central projections. We begin by assuming the center of the projection is at the origin. Let w = (x, y, z) be the standard coordinates on M = R 3 and v = (X, Y ) be the standard coordinates on N = R 2 . Let J k (M, 1) denote the k-th order jet space associated with space curves C ⊂ M. Treating x as the independent variable, the corresponding jet coordinates are denoted by w (k) = (x, y, z, y 1 , z 1 , . . . , y k , z k ), where y i , z i correspond to the i-th order derivatives of y, z, respectively, with respect to x. Similarly, let J k (N, 1) denote the k-th jet space of plane curves, with coordinates
, where Y i corresponds to the i-th order derivative of Y with respect to X.
Let us first consider the case of central projection, centered at the origin, from M = {(x, y, z) | z = 0} ⊂ R 3 to the plane N ≃ R 2 defined by z = 1. We will work in the coordinate system on the image plane provided by the first two coordinate functions on M, i.e. X(x, y, 1) = x and Y (x, y, 1) = y. As in (2.18), the central projection map Π 0 : M → N = R 2 is thus explicitly given by
As we noted in Example 9, the linear action of G = GL(3) on M is Π 0 -projectable and induces the projective action of [G] = PGL(3) on N ⊂ RP 2 given by (2.5).
Remark : The centro-affine action of the linear group on M is Π 0 -projectable, because linear maps take central projection fibers to fibers. On the other hand, translations do not respect the fibers, and hence, the action of the translation subgroup R 3 , as well as the action of the full affine group A(3), is not Π 0 -projectable, and does not project to a welldefined action on N. The quotient A(3)/GL(3) parametrizes the family of central projections considered in Section 3.3.
Our goal is to relate the projective differential invariants of the projected curve to the centro-affine differential invariants of the originating space curve. Let A (k) denote the prolongation of the linear map induced by A ∈ GL(3) to the k-th jet space J k (M, 1). Similarly, the prolonged action of [A] ∈ PGL(3) on J k (N, 1) will be denoted by [A] (k) . Applying the transversality condition (2.7) to (3.6), we conclude that a jet
) is Π 0 -regular if and only if the total derivative matrix
has rank 1, which requires that the two numerators, z−x z x , y x z−y z x , cannot simultaneously vanish. Geometrically, this implies that the curve intersects the fibers, i.e. the rays through the origin, transversally. Let C ⊂ M be a smooth space curve parametrized by (x, y(x), z(x)). Its projection
The explicit formulae for the k-th prolongation Π
on the open subset of J k Π 0 (M, 1) where z − x z x = 0. Geometrically, the latter inequality requires that the space curve not be tangent to any plane of the form z = c x for c constant, and hence its projection not have a vertical tangent at the corresponding point.
Theorem 6 immediately implies:
Remark : Theorem 16 remains valid if we replace Π 0 with any projection centered at the origin to an arbitrary plane, because the images of a space curve under projections with the same center are all related by projective transformations.
We now seek to express the projective curvature η of the projected curve Π 0 ( C) in terms of centro-affine differential invariants of C. We begin by summarizing the equivariant moving frame calculations in [42] . We choose the cross-section to the prolonged centro-affine action on J k (M, 1) defined by the normalization equations
(The reason for this non-minimal choice of the cross-section will be explained below.) Replacing the jet coordinates w (k) by their transformed versions
and solving the resulting equations for the group parameters produces the moving frame ρ : J 3 (M, 1) → GL(3). The resulting normalized differential invariants are then obtained by invariantization of the higher order jet coordinates:
The invariantization of the lower order jet coordinates used to define the cross-section produces the phantom invariants whose values coincide with moving frame normalization constants in (3.9):
The remaining normalized invariants, i.e. I k for k ≥ 5 and J l for l ≥ 3 form a complete system of functionally independent differential invariants for the centro-affine action.
To write out the explicit formulas, as found in [42] , we use
to denote the determinant of the 3 × 3 matrix with the indicated (row) vectors, or, equivalently, their vector triple product. Suppose the space curve is parametrized by w(t) = (x(t), y(t), z(t)). Let ds = ∆ 1/3 dt, where ∆ = [ w, w t , w tt ] (3.12)
denote the centro-equi-affine arc length element with corresponding invariant differentiation
Thus, when parametrized in terms of arc length, the curve satisfies the unimodularity constraint [w, w s , w ss ] = 1. (3.14)
Remark : We exclude singularities where ∆ = 0. A space curve is totally degenerate when ∆ ≡ 0 at all points; this is equivalent to the curve C ⊂ P 0 being contained in the plane P 0 = span{w(0), w t (0)} spanned by its initial position and velocity.
The centro-equi-affine curvature and torsion differential invariants are given by Note that κ is a fourth order differential invariant 4 while τ is a third order differential invariant. (This is in contrast to Euclidean curves, where torsion is the higher order differential invariant.)
Warning: We have switched the designation of κ and τ from that used in [42] , and also deleted a factor of 3 in τ to slightly simplify the formulas. Our choice of notation is motivated by the fact that the condition τ = 0 is equivalent to the curve being contained in a plane P ⊂ R 3 , thus mimicking the Euclidean torsion of a space curve.
As in [42] , differentiating (3.14) produces [w, w s , w sss ] = 0, which, when compared with (3.15), produces the associated Frenet equation
Consequently, the condition τ = 0 is equivalent to w sss and w s being collinear, while κ = 0 is equivalent to the collinearity of w sss and w.
Under uniform scaling w −→ λ w the centro-equi-affine differential invariants and arc length scale according to
Assuming that 5 κ > 0, we can therefore take 17) as the fundamental centro-affine differential invariants, with orders 5 and 4, respectively. Similarly, the centro-affine arc length element is 18) with dual invariant derivative operator
Remark : There is a second independent fourth order differential invariant, namely
Note that both terms of the right hand side of this formula are of order 5, and hence the terms involving fifth order derivatives cancel. One could, alternatively, use τ , β as generating 4 The second expression in these formulas is potentially misleading; keep in mind that the arc-length element (3.12) involves second order derivatives of the curve's parametrization. 5 If κ < 0 just replace √ κ by √ − κ in the formulas.
differential invariants, although the resulting formulas become more complicated. A similar observation applies to the pair of fourth order generating differential invariants
which results from the minimal moving frame cross-section
The fact that the generating invariants (3.17) lead to the simplest formulae for the projective curvature of the projected space curve is one of the key reasons for our choice of non-minimal cross-section (3.9).
The Replacement Theorem (2.23) implies that if I : J k (M, 1) → R is any centro-affine differential invariant, then its explicit formula in terms of the normalized centro-affine invariants can be obtained by invariantizing each of its arguments:
Applying this result to the pull-back η = η • Π 0 (7) of the projective curvature invariant (2.27) produces the desired formula
The resulting formula for η has a particularly simple form if we set
Namely,
As we discussed in Example 12, projective curvature is undefined for straight linesequivalently Y 2 ≡ 0 -and conics -equivalently A ≡ 0, where A is given by (2.30). We have
The first condition tells us that a space curve is projected to a line segment if and only if ∆ ≡ 0 and hence, as we noted earlier, it lies on the plane passing through the origin. The second condition tells us that a curve projects to a conic if and only if ∆ = 0 and κ s +2τ ≡ 0, which, assuming κ = 0, is equivalent to the vanishing of the differential invariant α ≡ 0. Recall, [39] , that, in general, a nondegenerate curve has all constant differential invariants if and only if it is (part of) the orbit of a one-parameter subgroup. For example, the twisted cubic C, parametrized by (x, x 2 , x 3 ), has constant centro-affine curvature and torsion invariants κ = −4/ √ 3, τ = 2/ √ 3, and can be identified as an orbit of the one-parameter subgroup of diagonal matrices { diag(λ, λ 2 , λ 3 ) | λ = 0 . Further, we note that the differential invariant (3.24) vanishes, α = κ + 2 τ = 0 on C, reflecting the fact that the twisted cubic is projected to a parabola under Π 0 .
Remark :
6 In Example 12, we introduced another invariant differential form, the pull-back of the projective arc length element (2.31). We find that 27) where, as before, α = κ + 2 τ , and we set
while dσ and ds are given by (3.18) and (3.12), respectively.
We showed in Example 12 that η and ζ 1 = ι (Z 1 ), given by (2.27) and (2.35), respectively, provide another generating set of centro-affine invariants under the invariant differentiation
and, therefore, can be expressed in terms of κ and τ . We of course, already have such an expression for η, given by (3.25) , and can rewrite it in the alternative form using D ξ :
We further find that
On the other hand, η and ζ = ι (Z), given by (2.33), provide an alternative generating set of centro-equi-affine invariants under the invariant differentiation D ξ . We can express these invariants in terms of κ and τ (or, rather κ and α) and their derivatives with respect to D s . We find that ζ = 1
and comparing with (2.33), we observe that the expression 3z 3 α, evaluated at a point on a space curve C, equals µ χ , the derivative of the equi-affine curvature with respect to equiaffine arc-length evaluated at the corresponding point of its projection. The formula for η becomes rather simple:
and can be compared with formula (2.27) for the projective curvature in terms of the planar equi-affine invariants. If we replace α by µ χ and κ by µ in the above formula, we obtain a very similar formula to (2.27) -the difference is in the overall factor and also in the coefficient of the last term in the numerator. In part this may be explained by the fact that µ χ = 3z 3 α, as observed above. The centro-affine invariant (3.29) has a particular simple expression in terms of centro-equi-affine invariant ζ, or, equivalently, α:
We finally note that we can also write
Alternatively, since
we can rewrite (3.33*) as
and then solve for κ: The first set is naturally expressed in terms of the position vector of a curve and its derivatives, while the second set has a natural relationship with the invariants of the image of the curve under projective and equi-affine actions on the plane. Indeed, recall that η and d ξ are the projective curvature and arc length element, respectively, of the image curve, while, from (2.33), (2.19), ζ = z µ
, where µ χ is the derivative of the equi-affine curvature with respect to the equi-affine arc length.
Projections centered at an arbitrary point
We now consider more general central projections of space curves. Let Π c be the central projection centered at the point c = ( 
where [A] ∈ PGL(3) is the corresponding projective transformation on N.
The standard parallel projection
By the standard parallel projection, we mean the orthogonal projection from M = R 3 to the xy-plane N = R 2 . We use the coordinates (X, Y ) on the image plane that agree with the corresponding rectangular coordinates on R 3 , i.e., X(x, y, 0) = x and Y (x, y, 0) = y. The resulting parallel projection map Π 0 : M → N is explicitly given by (X, Y ) = Π 0 (x, y, z) = (x, y) . that fix the points on the xy plane. We now investigate the prolonged action on the curve jet spaces and the consequential differential invariants. If C ⊂ M is a smooth space curve parametrized by (x, y(x), z(x)), then its projection C = Π 0 ( C) ⊂ N has parametrization (X(x), Y (x)) = (x, y(x)) .
(3.39)
Applying the transversality condition (2.7) to (3.35), we see that all jets are Π 0 -regular, and thus the prolongation Π
This induces an obvious isomorphism between the algebra of fiber-wise constant differential invariants of the action (3.36) and the algebra of affine differential invariants of planar curves. We can use paradigm of Section 2.7 to construct a cross-section on M that projects to the standard cross-section for the affine planar action: are also obtained in the same manner from (3.42). We can also employ the recurrence formulae to determine the higher order differential invariants assume that the coordinate functions (X, Y ) on the image plane agree with the corresponding coordinates on R 3 , i.e. X(x, y, 0) = x and Y (x, y, 0) = y. The resulting projection Although explicit general formulae for the invariants ν b become cumbersome, (3.55) provides a useful relation between the invariants of a space curve C and the affine curvature of the images C b under parallel projections in various directions, as specified by the vector b = (b 1 , b 2 , 1). These quantities are easily computable for a specific curve C and could be of use in applications to the problem of reconstruction of an object from its various images.
Conclusion and future work.
In this paper, we examined the relationships between the differential invariants of objects and of their images under a surjective map Π : M → N. Our analysis covers both the case when the underlying transformation group G maps fibers of Π to fibers, and therefore projects to a group action on N, and the case when only a proper subgroup H ⊂ G acts projectably. In the projectable case, we established an explicit, constructible isomorphism between the algebra of differential invariants on N and the algebra of fiber-wise constant (gauge) differential invariants on M. This isomorphism leads to explicit formulae for the invariants of the image of a submanifold S ⊂ M in terms of invariants of S. In particular, we expressed the projective curvature of a planar curve in terms of centro-affine invariants of its pre-image under the standard central projection from R 3 to R 2 . In the non-projectable case, we introduced a family of surjective maps Π g , parametrized by elements of g ∈ G, and then expressed the differential invariants of each Π g -image of a submanifold of S ⊂ M in terms of its Ad g (H)-invariants which, in turn, can be easily obtained from its H-invariants.
Motivations for considering both projectable and non-projectable actions comes from basic problems arising in image processing: establishing relationships between three-dimensional objects and their two-dimensional images and reconstructing an object from its various images. In [9, 10] , differential signatures of families of planar curves were used to obtain a novel algorithm for deciding whether a given planar curve is an image of a given space curve, obtained by a central or a parallel projection with unknown parameters. In this paper, we establish the relationship between differential invariants of a space curve and its various projections. In this context, further analysis of the effect of a surjective map on the associated differential invariant signatures, used in object recognition and symmetry detection, [11] , is worth pursuing. These results may also find applications in the problems of high dimensional data analysis, by studying projections of the data to lower dimensional subspaces. Applying the methods developed in the paper to these problems is one of the directions of future research.
